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Abstract
It was established that at low temperatures, quantum oscillations of a pair of interacting nanoscale structural
inhomogeneities (vertical Bloch lines) occur in a domain wall of stripe domain in uniaxial ferromagnetic film. The
effective mass of vertical Bloch line and conditions for this effect were determined. The effect can be used in the
hybrid storage devices bit + q-bit.
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Background
The investigation of structural inhomogeneities in domain
walls (DWs) in ferromagnetic materials is an important
issue of the physics of nanoscale ferromagnetic systems. In
uniaxial films, the vertical Bloch lines (VBLs) [1], or local
transition zones between subdomains of DW, are often
considered. These nanoscale objects with characteristic size
≤102 nm are the topological elements of DW internal struc-
ture, which impact on the behavior of DW in external
magnetic fields and give rise to various dynamic effects (see
[1, 2]). Moreover, VBLs appear not only in DWs in ferro-
magnetic films but also in nanosized ferromagnetic stripes
[3–5] and wires [6]. Similar topological structures were re-
cently found out in the ferroelectric materials [7]. These ex-
amples show that the VBL can be regarded as an integral
part of the process of self-organization of the order param-
eter in nanoscale magnetic and electrical structures.
It is worthwhile to note that a pair of VBLs with a
negative topological charge in the domain wall of mag-
netic stripe domain (SD) was proposed to be used as a
bit of information in the solid-state data storage devices
[8, 9]. In this system, there are exchange and magneto-
static interactions between the vertical Bloch lines; as
shown below, the resultant force causes minor oscillations
of VBL. At the same time, the VBL and Bloch points
(intersections of two VBLs) exhibit macroscopic quantum
properties at low temperatures (T < 1 K) [10–15]. It is
natural to assume that this feature of structural inhomo-
geneities in DW will be reflected both in the quantum dy-
namics of two interacting VBLs and in the properties of
new data storage devices on their basis. Indeed, by super-
imposing magnetic field that provides quantum oscillation
mode of VBL pair in the domain wall of SD, we can form
a q-bit with the ground state and another level of VBL os-
cillation spectrum, excited by magnetic field. Therefore,
there are prerequisites for creating a hybrid data storage
device bit + q-bit. It should be emphasized that this situ-
ation is possible only due to the interaction between the
nanoscale inhomogeneities in DW (VBLs in our case).
Thus, the study of quantum oscillations of interacting
VBLs in a domain wall of SD is of great importance. A so-
lution for this problem allows to develop ultra-dense data
storage devices with high functionality, which would com-
bine “classical” and quantum modes of data recording.
This work deals with the quantum oscillations of a
pair of interacting VBLs in a domain wall of SD in uni-
axial ferromagnetic film whose quality factor Q (the ratio
of magnetic anisotropy energy to magnetostatic energy)
is significantly higher than 1. In the first section, an ex-
pression for the VBL effective mass in a domain wall of
SD is derived. This expression will be used in the
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following sections for the study of VBL quantum oscilla-
tions and conditions of their excitation.
Methods
The Effective Mass of VBL
Let us consider a VBL in a domain wall of SD. We
will determine the effective mass of the vertical Bloch
line mL, using the general formalism proposed in
[16]. To do this, we need to find the gyrotropic bend-
ing of DW due to the motion of VBL at velocity vL.
The problem will be solved in a Cartesian coordinate
system with origin in the center of the domain, Z
axis oriented along the axis of anisotropy, and X axis
along the vertical Bloch line. Then, the Lagrangian L
























where qi is the coordinate of normal displacement of
DW center, ψi is the angle between the magnetization
vector M
!
Si in the DW center and X axis, γ is the gyro-
magnetic ratio, h is film thickness, σ0 is the surface en-
ergy of DW, Δ is the width of DW, and Wm is the
magnetostatic energy of SD due to the presence of mag-
netic “charges” on the film surface.
To simplify the task, the domain wall of SD without
VBL will be considered to be pinned by defects and fixed
(the evaluation will be provided below). In this case, ac-












where qk is the Fourier transform of q, κ = a/h, a is the
SD width, C = 0.5772 is Euler’s constant, K0(hk) is the
Macdonald function, and Λ ¼ Δ ﬃﬃﬃﬃQp is the characteristic
size of VBL.
The magnetization pattern in DW with VBL can be
written as ψ = 2arctg exp(ξ/Λ), where ξ = x − xL and xL is
the coordinate of VBL center. In this case, calculating
variations, taking into account (2), Lagrangian (1) and
solving the corresponding variational problem for vL
< ωMΛ, we find for the DW gyrotropic bending:























It is also follows from the formulas (1) and (2) that the
frequency of SD free oscillations is determined by fkωM.
The effective mass of VBL can be found from the fol-









where Fg = 2πMSvL/γ is the gyrotropic force acting on
the DW from the moving VBL.











An analysis of the integral in (5) for typical parameters
of ferromagnetic films and SD (γ ~ 107 Oe−1s−1, Q ~ 10 −
16, Δ~ 10− 6 cm, h ~ 10− 4 cm, 4πMS ~ (10
2 − 103) G, and
κ ~ 1) shows that its value is determined by the behavior
of function fk which has a minimum at kc, and kc≈
f 0−f kc
 1=2eΛ=h , where f 0 ¼ f k→0 ¼ Δπh ln 1þ κ−2ð Þe 1π
10−2 ln2.
Therefore, the function fk can be approximated as
gk ¼ f kc þ f 0−f kc
 
1−k=kcð Þ2: ð6Þ
The functions Φk ¼ f k−1Δ=h and Gk ¼ gk−1Δ=h for
various values of film quality factor are plotted in Fig. 1;
a good correspondence between the integrands is ob-
served. Then, using (6) and the properties of function fk,













It should be noted that the obtained expression also
describes the effective mass of VBL in an isolated
DW. In this case κ→∞, and instead of the term f0 = Δ
ln(1 + κ− 2)/πh→ 0 in the expression for f kc, the term f =H
′Δ/4πMS appears, where H′ is a gradient magnetic field
which stabilizes DW. Then, f kc is expressed through the
critical field of DW bending instability fc: f kc ¼ f −f c [18,
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19]. It is easy to see that in the case of intense stabilizing
fields with (f − fc)/fc > > 1, (7) transfers into the expression






In turn, it is easy to see that if f is close to fc, i.e., (f − fc)/
fc < < 1, then the function f k−1 has a sharp peak at k = kc.
Therefore, integrating (5) with the integrand gk−1 near this
point, we obtain an expression that matches well with the
formula for the effective mass of VBL in [16, 19]:
mL ¼ π2 γ
−2Q−1=2 f −f cð Þ−1=2: ð9Þ
Note that the agreement of (8) and (9) with the known
expressions for mL evidences the correction of proposed
approach to the determination of VBL effective mass.
Besides, expression (7) shows that the VBL effective
mass is determined by the structure of spectrum of do-
main oscillations.
Let us now consider the pinning of domain wall in SD
without VBL by defects. The opposing DW acts on the
unit area of DW with magnetostatic attractive force Fm1;2
, causing its displacement q2. In turn, given that the sur-
face density of magnetic charge equals MS, we can esti-
mate magnetostatic energy of interaction between two
DWs Wm1;2 as Wm1;2eΛ2q1q2M2S=a , where q1 is deter-












Comparing this expression with the force Fd ~ 2MSHc
(Hc ~ 0.1 Oe is the coercitivity) that acts on the DW
from defects, we obtain the condition under which the
DW movement can be neglected:
vL=ωMΛ << 2MS−1Hch=Δe10−1−1:
Obviously, this relation is consistent with the previ-
ously mentioned requirement for the velocity of vertical
Bloch line vL (see the derivation of (3)).
Problem Solving and Discussion
Consider a pair of VBLs with the same topological
charge in a domain wall of SD. There is an exchange
interaction between spins of each VBL, and the energy
of this interaction We is determined as [1].
We ¼ A
Z
dxdy sin2θ ∂ψ=∂xð Þ2 ¼ 4AΔ=Λ;
where A ~ 10− 7 erg/cm is the exchange constant and θ




Fig. 1 Functions Φk and Gk at different values of film quality factor
Q: a Q = 10; b Q = 12; c Q = 16
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magnetization vector, respectively, which determine the
internal structure of DW and VBL.
In turn, We can be written as
Weee2=Λ;
where e 2 is the effective electron density of interact-
ing VBL spins per unit length.
Equating the above expressions, we obtain e 2 = 4AΔ.
Considering that the effective electron density of the
whole VBL equals 2e 2, we find the exchange energy of




Differentiating We by s, we find the force of exchange





p exp −s=Λð Þ: ð10Þ
In addition to the repulsive force Fe, there is an
attractive magnetostatic force Fm between two VBLs,
that can be expressed as [1].
Fm ¼ 8 πΔM2S
 
=s: ð11Þ
Comparing these two forces, we get the well-known
equation for the equilibrium distance s0 between vertical
Bloch lines:













Considering the VBLs as quasiparticles, examine now
the small fluctuation displacements of VBL from the
equilibrium position. Obviously, these displacements are
equal in magnitude and opposite in phase. During move-
ment along X axis, a VBL experience force F = Fe − Fm.
According to (10)–(12), this force can be written as
F ¼ − π
2Λ
ELQ
−1=2 1−Λ=s0ð Þ 2δss0 ; ð13Þ
where EL = 8AQ
− 1/2 is the energy of VBL, normalized
by length, and δs/s0 < < 1 is the displacement of VBL.
Obviously, for the VBL moving in opposite direction F >
0. Approaching each other, VBLs can be considered in
the same manner.
Thus, small displacements of interacting VBLs from
the equilibrium position cause the force F = Fe − Fm
that is directed opposite to their displacements. This
force has stiffness factor kL = − ∂F/∂δs (per unit
length); therefore, using Eqs. (7), (12), and (13) and
formula ωL = (kL/mL)


























Estimation of the VBL effective mass and the oscilla-
tion frequency for the films with a quality factor Q = 10
− 16 gives values of mL ≈ (3.8 − 3.3) ⋅ 10
− 15 g/cm and ωL
~ (2.1 − 1.8) ⋅ 10− 1ωM, respectively. As expected, these
values reduce with increasing film quality factor. Indeed,
according to (12), higher Q leads to a longer equilibrium
distance s0. As a result, the values of VBL interaction
energy and DW gyrotropic bending decrease, which
ultimately leads to reduction of ωL and mL.
Consider now the possibility of quantum oscillations
of a pair of VBLs. Let us compare the average energy of
vertical Bloch line WH ;L ¼ 2π2Δ2M2S Hxð Þ2h=mLω2L in
uniform magnetic field Hx directed along the axis of its
oscillations with the “interstate” energy gap ΔWL = ℏωL
(where ℏ is the Planck constant) (see [15, 22]). Using (7)
and (14), after some transformations, we find that n > >
1 (i.e., quantum transitions from the ground level to
quasiclassical zone are considered), and so WH ;L >> Δ

















It should be noted that small oscillations of vertical
Bloch line in a domain wall of magnetic bubble were
studied in [15]. However, the stiffness factor of these os-
cillations was not associated with the interaction be-
tween vertical Bloch lines and was provided by magnetic
field applied normally to VBL.
Estimation of (15) at σ0 ~ 1 erg/cm
2 gives hx > > 10
− 4
that is consistent with the requirement for planar mag-
netic fields applied to DW.
It is worthwhile to note that wn is the probability dis-
tribution ñ =WH,L/2ℏωL of quanta on n discrete levels of
VBL spectrum, which is determined by Poisson distribu-
tion [22]: wn ¼ 1n! e−~n~nn. As follows from the calculations,
n ~ 10 is a typical quantum level excited by magnetic
field Hx.
Results and Discussion
Let us estimate the influence of dissipative force Fr on
the process of VBL quantum oscillations in a stripe do-
main. Since the problem is considered in quasiclassical
approximation, we can use for Fr the expression ob-
tained by integrating the density of Thiele’s dissipative
force [23]. In this caseFr ¼ 4MSαhvγ ﬃﬃﬃQp ,where α ~ 10− 3 − 10− 1
is the magnetization vector decay parameter.
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Taking into account that the VBL velocity can be rep-




is a “quasiclassical” amplitude of VBL oscillations [15],







In turn, the force FH acting on VBL from magnetic
field can be written as [1].
FH ¼ 2πΔMSHx: ð17Þ
Using expressions (16) and (17), as well as the numer-
ical parameters of the system (see above), one can easily
find that Fr/FH < < 1 in the following fields
hx >> α 2=πð Þ1=2Q−1=4 mLγ2
 −1=2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
En=ELh
p e 10−4−10−3 α;
where En = ℏωL(n + 1/2) is the energy of VBL quantum
oscillations.
It is obvious that the obtained relation is in line with
the estimation for the field hx (see expression (15))
which provides quantum transitions into the quasiclassi-
cal zone of VBL spectrum. Due to various ranges of
fields hx required for the activation of VBL energy levels
and its displacement along the DW of stripe domain
(this occurs at hx < 1), it is feasible to control both
quantum and “classical” process of data recording in the
data storage devices based on VBL.
It is natural to expect that the quantum-mechanical
behavior of vertical Bloch lines will be reflected in the
dynamics of DW gyrotropic bending. This problem was
studied by us in [15, 24] for small oscillations of Bloch
point and vertical Bloch line stabilized by magnetic field
in a domain wall of magnetic bubble, where the
quantum nature of the change of DW gyrotropic bend-
ing was established. Obviously, this effect should also
appear in the oscillations of interacting vertical Bloch
lines in a DW of stripe domain. Therefore, basing on the
results of the abovementioned works, we can write for
the DW gyrotropic bending the following expression
qne mLγ2 1=2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃEn=ELhp Q−1=4Λ; ð18Þ
An estimation gives qn ~ 10
− 3Δ. Besides, an analysis of
function fk and expressions (7), (14), and (18) show that
at h/Δ→∞, kc ~ (Δ/h)
1/2, mL ~ (h/Δ)
1/2, ωL ~ (Δ/h)
1/4,
and qn ~ (Δ/h)
5/8, i.e., the considered effect takes place
only in magnetic films and is absent in solid ferromag-
netic materials.
It is easy to see that the quantization of DW gyrotro-
pic bending is most pronounced in the ferromagnets
which have DWs with high Δ values, such as yttrium-
iron garnet (YIG) films, where Δ can reach up to 10− 4
cm [25].
It should be noted that the above values, qn < < Λ indi-
cate a negligible contribution of transverse component
into the VBL effective mass [26]. This component mL of
gyrotropic origin is significant for DWs with bending
comparable to the length of vertical Bloch line.
Using relation ℏωL ~ nkBT (where kB is Boltzmann
constant), (14), and the abovementioned numerical pa-
rameters for film and domain, we can find the
temperature T of the process:
Te 10−3−1 K :
The T values are in the same range with the tempera-
tures of other quantum phenomena that occur for the ver-
tical Bloch lines and Bloch points (see [11–15, 24]).
Therefore, one can conclude that the macroscopic
quantum effects in the domain systems with complex in-
ternal structure become apparent at subhelium tempera-
tures. This allows neglecting the contribution of exchange
relaxation [27] into the processes of magnetization dissi-
pation, which accompanies these phenomena (see [15]).
Conclusions
The effective mass of vertical Bloch line in a domain
wall of a stripe domain in magnetic film with a strong
uniaxial magnetic anisotropy was determined. It was
found that the effective mass of vertical Bloch line is
determined by the characteristics of the spectrum of
domain oscillations.
The energy spectrum of low-temperature quantum os-
cillations of two interacting vertical Bloch lines in a do-
main wall of magnetic stripe domain was determined.
This result can stimulate the development of a new type
of hybrid memory devices which combine two recording
media: specified stable states of physical memory elem-
ent and quantum levels of energy spectrum of this elem-
ent, activated by external field.
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